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Abstract 

In this paper we study Hankel operators in the quaternionic setting. In particular we prove that 
they can be exploited to measure the L°° distance of a slice L°° function (i.e. an essentially bounded 
function on the quaternionic sphere (M which is affine with respect to quaternionic imaginary units) 
from the space of bounded slice regular functions (i.e. bounded quaternionic power series on the 
quaternionic unit ball B). Among the difficulties arising from the non-commutative context there is 
the lack of a good factorization result for slice regular functions in the Hardy space H 1 . 
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1 Introduction 

A linear operator on a Hilbert space is called a Hankel operator if its associated matrix has constant 
antidiagonals. Given any sequence a = {a n } ng N with values in the skew field of quaternions, we can 
form the infinite matrix M a = (ay + fc)T^ 0 with constant antidiagonals, and let F, v: acting on quaternion 
valued sequences v = by matrix multiplication: (F (1: f’)(./) = zG/~o a j+k v k- The classical 

Nehari Theorem (see ifTTl ) characterizes the (complex valued) sequences a such that the Hankel operator 
T a is bounded on the Hilbert space 7 2 (N, C). Together with Nicola Arcozzi, we investigated this problem 
in the quaternionic setting in (61. We showed that, in analogy with the complex valued case, where 
the problem can be translated in terms of holomorphic functions, in the quaternionic setting it can be 
reformulated in terms of slice regular functions. This class of function, introduced by Gentili and Struppa 
in fl4l . represents in fact a valid counterpart in the quaternionic setting to holomorphic functions. We 
refer to the monograph (131 for all results and proofs concerning the theory of slice regular functions. 
For a survey of the theory of Hankel operators in the complex setting see lfl8l . 

The purpose of the present work is to give an interpretation of quaternionic Hankel operators as tools 
to measure the distance of a bounded quaternionic slice function from the space of bounded slice regular 
functions. 

‘Partially supported by INDAM-GNSAGA, by the PRIN project Real and Complex Manifolds, by the FIRB project Differ¬ 
ential Geometry and Geometric Function Theory, and by the SIR 2014 project Analytic Aspects of Complex and Hypercomplex 
Geometry (code no. RBSI14DYEB) of the Italian MIUR. 
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Let H denote the skew field of quaternions, let B = {q G HI : \q\ < 1} be the quaternionic 

unit ball and let <9IB be its boundary, containing elements of the form q = e tJ , I G S, t G M, where 
S = {q E H : q 2 = — 1} is the two dimensional sphere of imaginary units in EL We endow DM with the 
measure cffi (e 4/ ) = dcr(I)dt, which is naturally associated with the Hardy space H 2 ( B) of slice regular 
functions on B, see Q. The measures are normalized so that £(c®) = <r(§) = 1. 

The class of functions we are considering satisfies the following algebraic condition: a function / 
defined on <9B is called a slice function if for any two sphere of the type e ts := {e tJ : I E §} contained 
in <9B, 

f(e tJ ) = a(t ) + Jb(t), 

where a, b are quaternion valued functions depending only on t. Namely / is slice if its restriction to 
each sphere e ts is affine in the imaginary unit variable. Slice functions were introduced and studied 
by Ghiloni and Perotti in the more general setting of real alternative algebras in fl6l . The restriction 
to (® of slice regular functions furnishes an important class of examples of slice function. A concrete 
example is given by convergent (for almost every t) power series of the form e n i-t ffn&z e/n * a n, with 
quaternionic coefficients a n . For instance, such a series does converge if the sequence of coefficients 
{a n } belongs to f' 2 (Z, H). Power series with coefficients in £ l (Z. H) are considered in 0|. 

Let L s (d B) denote the space of measurable slice functions and, for 1 < p < Too, let L p (d B) 
denote the space of (equivalence classes of) functions / : 3B —> H such that \\f\\p := \ f\ p dT, < oo. 

For p = Too, L°°(clB) denotes the space of (equivalence classes of) measurable functions essentially 
bounded with respect to the measure dT,. The space of slice L p functions will be denoted by L p s (i 9B) = 
L p (d B) n L s (d B). It is possible to show that L p s {d B) has a natural structure of right linear space over M 
(to be more precise of a right H modulus), and of a Banach space. 

In the case p = 2, we have 

Proposition 1.1. 

L 2 s {( 9B) = |/ € L 2 (<9B) : for a.e. q G <9B, f(q) = ^ q n a n with {a n } G £ 2 (Z, H)| 

nEZ 


and the inner product 


nEZ nEZ 


LUd B) 


:= ^ b n a 
n€jj 


n 


endows L 2 (d B) with the structure of a quaternionic Hilbert space. 


For the extention of classical functional analysis results to the quaternionic setting we refer to the 
book HI and, for the specific case of slice functions, to fl5l . 

The first result concerning the study of Hankel operators is a reformulation of the Nehari type The¬ 
orem proved in |6l in which we give a characterization of bounded Hankel operators is given in terms 
of slice L°° functions. The norm of a bounded linear operator T mapping a quaternionic normed linear 
space U to another quaternionic normed linear space V is defined as usual as 


\\ t \\b(u) 


sup 

u£U,u^0 


\\Tu\\ v 

IMI u ’ 
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Theorem 1.2. Let a = {a n } nG pj CM.be a quaternion valued sequence. The operator T a mapping any 
sequence a = {a n } £ f 2 (N, H) to the sequence defined by 

(r a a)(?7.) .— ^ ^ CXn+j Qj 
j> 0 

is bounded on £ 2 (N,H) if and only if there exists = YlneZ Q n ^{ n ) £ T£°(9B) such that fr(m) = 
a m for any m > 0. In this case 

infillsIIL°°(c») : "0 € L?(dB),$(m) = a m ,m > 0} < ||r a || B(<2(N)H)) 

< 2inf{||'i/>|| L oc( 9B ) : 0L“(31)>(m) = a ra ,m>O}. 

The proof of the “if and only if” part of the statement exploits two results. The first one is Theorem 
1.1 in |6l, which gives several equivalent conditions on the sequence a and its generating function q i-> 
SneN Q n ®n in order to have a bounded operator T (V . In particular we will use the following: 

Theorem 1.3. Let a = {o n } nG fi C H be a quaternion valued sequence. Then the operator T a is 
bounded on ^ 2 (N, H) if and only if the function q H > Q n &n belongs to the space BMOA(dM). 

The symbol BMOA(dM) denotes the space of slice regular functions on B with bounded mean oscilla¬ 
tion. See Section [3] for the precise definition. The second result exploited is a representation result for 
quaternionic BMO functions proved in Section [3j The main point here relies in the estimates ([[]) of the 
norm of T a . In the proof of the second inequality in dT]) the lack of a good factorization result for slice 
regular functions in the Hardy space H 1 ( B) requires some attention. Moreover a duality result that may 
have an independent interest is needed: 

Theorem 1.4. The dual space (L\(dW))* is isometrically isomorphic to Lf > (d B). 

Hankel operators admit also a realization as operators from the quaternionic Hardy space (viewed as 
a subspace of L 2 (<9B)) 

H 2 {d B) = | / G L 2 (<9B) : for a.e. q £ cffi, f(q) = ^ q n a n with { a n } £ £ 2 (N,IH[)| 

n> o 

to its orthogonal complement Hf (SB) in L 2 (<9B). Given any ip(q) = Q n T{ n ) €= T 2 (cffi) we can 

define the operator H - : H 2 (d B) —>■ H 2 _(dM) as 

H v f := P-(¥>*/) = £ q n £ ft™ ~ *0/(*0- ( 2 ) 

n< 0 fc>0 

where the symbol * denotes an appropriate multiplication operation between slice functions, and P_ is 
the orthogonal projection from L 2 (d B) onto H 2 (<9B). 

Translating Theorem 1 1. 21 from sequences in ( 2 (N, H) to functions in L 2 (<9B), allows us to prove our 
main result. 

Theorem 1.5. Let ip G Lfi(fM). Then 

\\H<p\\B(H 2 (dm)) = infills — /IIl°°(<9B) : / £ H°°(dM)}. (3) 
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Here H°°(d B) denotes the space of bounded slice regular functions on B, introduced in ifTTIl . viewed as 
a subspace of L“(9B). By compactness, the infimum in equation © is attained for any p £ L£°(dB): 
there exists always a regular function g £ H°°(d B) such that 

II^IIb(-H' 2 (9B)) = \W - 5 , IIl°°( ( 9B) = dist 00 (dM)). 

A function g realizing the distance of p from H°°(d B) is called an L°°-best approximation of p by a 
slice regular function. 

We conclude this article with some further results. The first one concerns the uniqueness of a best 
approximation, and the second one gives a characterization of bounded Hankel operators in terms of shift 
operators. 

The paper is structured as follows: in Section [2] we give some background on slice and slice regular 
functions; in Section [3] we establish the setting of our study, we introduce slice L p and BMO (equiv¬ 
alence classes of) measurable functions and we prove some functional analytical results needed in the 
sequel; Section[4|is devoted to prove Theorems l 1 .2l and [T31 together with some further results concerning 
bounded Hankel operators. 

2 Preliminaries 

In this section we recall the definitions of slice and of slice regular functions over the quaternions H, 
together with some basic properties. Let § denote the two-dimensional sphere of imaginary units of H, 
§ = {q £ H | q 2 = —1}. One can “slice” the space H in copies of the complex plane that intersect along 
the real axis, 

H = |J(M + M/), R = p)(R + R7), 

/es ie s 

where Lj := R + MI = C, for any I £ S. Each element q £ H can be expressed as q = x + yl q , 
where x. y are real (if q £ M, then y = 0) and I q is an imaginary unit. To have uniqueness outside 
the real axis we can choose y > 0. The conjugate of q is q = x — yl and its modulus is given by 
\q\ 2 = qq = x 2 + y 2 . Every non-zero quaternion has a multiplicative inverse, denoted by q -1 , that can 
be computed as q~ 1 = q/\q\ 2 , hence providing M with the structure of a skew field over M. For any 
il C H and for every I € § we will denote by 0/ the intersection Q n I/. 

Let us focus our attention to quaternion valued functions defined on the boundary 0M of the quater- 
nionic unit ball B := {q £ HI : \q\ < 1}. This domain present an important symmetry property: for 
any quaternion x + yl contained in dM, the entire two dimensional sphere x + yS is contained in <9B. 
On subsets presenting such a symmetry it is possible to give the definition of slice functions. This class 
of functions was introduced and studied in a more general setting by Ghiloni and Perotti in fl6ll . We do 
not intend to give here all the details. In this paper a function / : (M -X HI will be called a slice function 
if it is affine on spheres of the form x + contained in <9B with respect to the imaginary unit. More 
precisely, / is slice if for any I, J £ § and for any x + yl £ 0M 

f(x + yJ) = \ ( f{x + yl) + f(x - yl)) + (f{x - yl) - f{x + yl)) 

1 1 (4) 

1 — JI t ( , n 1 1 + JI t f t\ 

= —g — + yI > + —2— ~ yI 
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In the sequel we will adopt equation © as definition of slice functions. 

A concrete example of slice functions is given by convergent (for almost every t) power series of 
the form e u i->- Y^nez eInta n, with quaternionic coefficients a n (in fact, for any n, e Int = cos(nf) + 
I sin (nt)). 

The restriction to OB, of slice regular functions on open balls centered at the origin B r = {q G H : 
|q| < r} gives an important class of examples of slice function: a function / : B r —> H is called slice 
regular if for any I G § the restriction fj of / to B r D Lj is holomorphic, i.e. it has continuous partial 
derivatives and it is such that 

Vlh(x+vl) = + ! di) /,(I + yI) = 0 

for all x + yl € B r C\Lj. In fact (see lfl3l l. a function / is slice regular on B r if and only if it has a power 
series expansion f(q) = ( l n<l « converging in B r and such functions clearly satisfy representation 

formula © on the entire B r . 

We point out that equation © also furnishes a tool to uniquely extend a function fj defined on a 
circle OMj to a slice function / := ext(//) defined on the entire cffi, 

ext(f r )(x + yJ) = ^ fr(x + yl) + 1 fi{x - yl). 

The operator ext was introduced in the setting of slice regular functions in |[9J. Since pointwise product 
of functions does not preserve the classes of slice and of slice regular functions, a new multiplication 
operation is defined, the so called regular or *- product. In the case of slice regular functions defined on 
B r it has an expression given in terms of their power series expansion, which can be naturally extended 
to (a.e.) convergent power series of the form M = 1- Let f{q) = Ylnez^^ anc * 

5(9) = YYm&L Q n bn be two slice functions on SB. Then 

/ * g(q) ■= Yl qU Yl a k b n-k- 

n€Z /cEZ 

As for slice regular power series the ^-product is related to the standard pointwise product by the follow¬ 
ing formula. 

Proposition 2.1. Let /, g be slice functions on OB admitting expansions f(q) = XnGZ ( l r ' a n an d !i( ( l) = 
Y2n&zQ nb n- Then 

f*a(a) = l ° iff(<l) = 0 

1 l qf{q)) ifflq ) + 0 

The proof follows by the same computation that gives the result in the slice regular case (scc fT3l ). Also 
the notions of regular conjugation and of symmetrization can be generalized to the case of power series 
with negative powers. If f(q) = Xnex XT/. i s a s bcc function on cffi, the regular conjugate and the 
symmetrization of / are 

f C (q ) :=^2q n a n and f s (q ) := / c */(q) = f * f c (q) respectively. 
nG Z 
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The reciprocal / * of f(q) 
case, by 


SnGZ f/ n °n with respect to the ^-product is then given, as in the regular 




1 

f*f c (q ) 


f c (q ). 


The function f~* is defined on 0B\ {q G OB | / * f c (q) = 0} and /*/“* = /*/“* = 1. We conclude 
this preliminary section with the following proposition, that can be proved by direct computation, as in 
the case of slice regular power series. 


Proposition 2.2. Let /, g be slice functions on OB admitting expansions f(q) = q n(1 n and g{q) = 

Enez q nb n- Then (/ * gf = g c * f c - 


3 Slice L p functions 

In this section we establish the setting of our study. In particular we introduce the spaces of equivalence 
classes of slice LP functions and that of slice BMO functions. 

Let / G §. For 1 < p < +oo, we will denote by L p (0B/) the space of quaternion valued (equivalence 
classes of) measurable functions / : OB/ —> H such that := \f(e n )\ p dt < +oo and by 

IJ’(dM) the space of (equivalence classes of) measurable functions / : 0E —> BI such that 

Wf\\ P LP(dM) '■= I \f(q)\ Pdj: (q) < +°°> 

J 01B 

where dE is the volume form naturally associated with the Hardy space H 2 ( B), introduced in |[5l: if q = 
e R , then dY,(q) = dcr(I)dt and dX, do are normalized so that dS(cffi) = do(S>) = 1. Forp = oo, we 
will denote by L°°(dMj) the space of essentially bounded (equivalence classes of) measurable functions 
on OB j. The space L°°((9B) contains (equivalence classes of) measurable functions / : OB —>• H such 
that 

ll/l|L°°(aB) : = esssup \ f(q)\ < +oo, 

q&d B 

where the essential supremum is taken with respect to the measure dX: 

esssup \f(q)\ = inf{A > 0 : X ({q G OB : \f(q)\ > A}) = 0}. 

Quaternionic L p spaces share many of the basic properties of classical complex L p spaces. In this 
paper we will not investigate the general theory of these function spaces, in particular we will focus our 
attention to their subspaces of slice functions. We recall here that in Q the L p norm of the orthogonal 
projection from the space L 2 (0B) to its closed subspace L 2 (0B) is studied. 

A first (easy) remark is that the restriction to a single slice of an element of L p (d B) does not nec¬ 
essarily belong to L p (dEj) for every I G § (but only for u-almost every I), while clearly the opposite 
implication holds true. The two notions coincide in the case of slice functions. For 1 < p < +oo, 
let L p s {d B) denote the space of measurable slice functions bounded in L p - norm. Using representation 
formula © it is not difficult to prove 

Proposition 3.1. For any 1 < p < +oo, a slice function f : OB —>• H belongs to IJ'idE) if and only if it 
belongs to IJf OE f ) for one and hence for any I G S. 
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As in the case of H p spaces of slice regular functions, studied in fill , it can be proven that L p s {d B) 
spaces have a natural structure of quaternionic right Banach spaces. In the case p = 2, as in the case of 
the Hardy space H 2 { B) (see |GQ] and O) the inner product 

(/ i 5 ) l 2 ( 9 b ) := / gfdT. 

Jd B 

gives to L 2 (d B) the structure of a quaternionic Hilber space. Moreover, when considering slice L 2 
functions, we obtain the following result. 

Proposition 3.2. 

L 2 s (d B) = {/ € L 2 (d B) : fora.e. q £ 9E, f{q) = ^q n a n with {a n } £ £ 2 (Z,M)}. 

nEZ 


In particular, {q n } n £Z is an orthonormal basis of L 2 (d B). 

Proof. On the one hand, il / e L 2 (<9B), recalling that dE is the product of dt with da, we get that there 
exists / G § such that / € L 2 (<9B/). Then if / splits on T/ with respect to J e S, J _L /, as f(z) = 
F(z ) + G(z)J, the orthogonality of / and J guarantees that the splitting components F, G : cffi/ —>• L/ 
are complex L 2 functions. Therefore they admit a representation of the form 

F(z) = z n F(n), G(z) = Z z n G(n) 

nEZ nEZ 


where z € <9B/ and F(n), G(n) denote the n-tli Fourier coefficient of F and G respectively. For any 
z £ OB/ we can therefore write 

f(z) = Z + G{n) J ) =: Z zU f( n )’ 

n£jj ro£Z 


where the sequence {/(n)} ne z belongs to ( 2 (Z, H) thanks to fact that J _L I and { F(n) } nG z and 
{G(n)} ne z belong to ( /2 (Z. C). If furthermore / satisfies equation ©, since every q = x + yJ £ SB can 
be written as q = 1 ~ 2 JJ (x + yl) + 1+ 2 JJ (x — y/), then the power series expression of / can be extended 
to the whole <9B as 

/(?) = Z qn f( n '>- 

i tEZ 

Notice that this also shows that the coefficients f{n) do not depend on the choice of the slice Lj. 

On the other hand, if f(q) = Ylnez Q na n with q £ <9B and {a n }n£Z £ C 2 (Z, H), then the restriction 
fj of / to Lj belongs to F 2 (<9B/, H) for any I £ §. In fact, for any n,m £ Z, e~ ntI e mtI dt = 2ir6™ 
(which proves the orthonormality of functions q H > q n ), and hence 


Z q,1(in 


2 

L 2 (aB/,H) 


Z, l a ™l~ — \\{ a n}nez\\p(Z t M) < +°°- 

nEZ 


Equality x + yJ = 1 ,j Jl (x + yl ) + (x — yl ), for any /, J £ §, immediately implies that / is a 
slice function. □ 
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In particular L 2 (d B) endowed with the inner product 

Y ^ a n, Y q 


"n / _ __ “ Y1 br 


L2(9B) 


CLn 


nEZ nEZ nEZ 

is a quaternionic Hilbert space. We point out that for any /(g) = ]P\ )GZ g(g) = Ylnez^bn G 
Lg((9B), their inner product can also be expressed in an integral form as 

r-2?r 


Y^niY^br 


Ltm 


1 /^TT_ 

^ J g{e ie )f{e I6 )dO 


nEZ nEZ 

where / is any imaginary unit. Since it does not depend on the imaginary unit, we can also write 

f27T 


Y qna ^Y q71bn 

n£Z nEZ 


dcr^- [ g(e ie )f(e ie )dO = f g(q)f{q)dY,(q) = (f,g) L 2 {dV y 
^ Jo Job 


(5) 


Notice that the L 2 norm of a function / £ L 2 s (d B) depends only on the moduli of the coefficients of its 
power series expansion. Hence / £ L 2 (d B) if and only if its regular conjugate f c does, and moreover 


£ i/mi 2 = E |/( 

nGZ nGZ 


n 


( c i|2 


We can split L 2 s (d B) into two orthogonal subspaces: the Hardy space 


H‘ 


:= |/ £ L 2 (d B) : for a.e. g £ 3B, /(g) = ^g re a n with {a„} £ £ 2 (N, H)| 


n> o 


and its orthogonal complement (with respect to the inner product) in L 2 (d B) 

H^(d B) := |/ £ L 2 {d B) : for a.e. q £ <9B, /(g) = ^g n a n with {a_ n } G ^ 2 (N,H)|. 

n< 0 

In what follows we will denote by P + and P_ the orthogonal projections from L 2 (()E) onto H 2 (d B) 
and H 2 (dE ) respectively. 

Since slice regular functions on B are characterized by having a power series expansion converging 
in B, it is natural to identify the space H 2 (d B) with the Hardy space of the unit ball H 2 ( B). Moreover, 
since L^°(d B) C L 2 (d B), the space H°°(d B) = L^°(9B) n H 2 (d B) of slice L°° (equivalence classes 
of) functions belonging to the span of {g”} n >o can be identified with the space of bounded slice regular 
functions H°°( B). 

For any 0 < p < +oo a notion of quaternionic H p space is given in liTTll . In particular in ifTTt it is 
proven that the radial limit of slice regular functions in H p exists on each slice along almost any radius 
and it belongs to L p (dMj) for any 0 < p < +oo. Taking into account that functions in H p { B) satisfy the 
Representation Formula ©, we easily conclude that their (a.e.) radial limit belongs in fact to the space 
iJl(dW). In particular - , for any 1 < p < +oo, identifying each function with its radial limit, the space 
H p ( B) can be viewed as a subspace of L p (d B) , in the sequel denoted by H p (d B). Another fact about 







functions in H p ( B) that we will use in the sequel is that the radial limit of a function that does not vanish 
identically is almost everywhere nonvanishing (see again ifTTIO . 

Our next goal is to show that the dual space of slice L 1 functions is the space of slice L°° functions. 
To this aim we first need a couple of preliminary results. 

Proposition 3.3. The space L 2 (d B) is a dense subspace of ifJflW) 

Proof. Cauchy-Schwarz inequality implies that as in the complex case, L 2 (d B) C L\{(M). To prove 
the density, let / £ L\(dW) and fix / G §. The restriction fj of / to dBj belongs to if (fM[). Then, 
if J _L /, and fj decomposes on dMj as fj = F 1 + G 1 J with F^G 1 : <9B/ —> Lj , thanks to the 
orthogonality of / and J we have that both F 1 and G 1 belong to the complex space if (<9B/, Lj). Using 
the density of the L 2 space of the complex unit circle in the L 1 space of the complex unit circle, we find 
two sequences {F^}, { Gl } £ L 2 (dMj, Lj) converging in Lf norm respectively to F 1 and G 1 . Therefore 
the sequence fr. n := F. : [ + G J n .I converges in if (dMj) to //. If we consider the extension f n := ext fj. n 
of f[ ;n to a slice function defined on <9B, recalling formula ©, we get that f n £ iff OW) for any n £ N 
and since / = ext(//), and ext is a linear operator, 

Wfn ~ /IIlI(SB) = f s d(T<yJ ^ j Q fl)(e Jt )\dt 

< J s da ( J ^ j 0 (I(/m ~ fi )( eIt )I + I (fi,n - fi)(e~ Tt ) I) dt 

1 r -i p 2 tv 

~ 2n Jo K*."-«( e ")l® + 2^y o Kfc-//)(e- n )|<ft 
= 2|| fi t n ~ fl\\L 1 (dB I )- 

Hence we conclude that f n converges in if (fM) to /. □ 

The following result is a quaternionic version of the classical Hahn-Banach Theorem. 

Theorem 3.4. Let X be a quaternionic normed right linear space and let Y be a subspace of X. Then 
for any bounded right linear opeartor A in the dual space Y* there exists a bounded right linear operator 
A in X* such that A| y = A and such that ||A||.y* = ||A||y*. 

The first part of the statement is proven in [8]]. The complete result can be obtained adapting the proof 
of Theorem III.6 and of the following Corollary 1 in Ifl9l from the complex case to the quaternionic 
case (i.e. considering the decomposition of the considered operator with respect to the real part and to 3 
imaginary units). 

We can finally prove the following natural relation. 

Theorem 3.5. The dual space (if (6®)) * is isometrically isomorphic to Lff(fM). 

Proof On the one side, for any if £ L£°(<9B), the functional Tyf-) := (•, ip) is a bounded right 

linear functional on L^(l): for any / € ifJJM) 

IW)I < [ IV’(g)ll/(g)|d£ < |M|L«(aB)ll/llz,i(aB), 

Jam 
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i- e - \\T^\\B(Ll(dM)) < IIV , IIl°°(9B)- 

On the other side, let A be a bounded right linear operator on L\(dB), and let A be its restriction to 
L 2 (<9B). Since L 2 (d B) is a quaternionic Hilbert space we get that A € (A 2 (<9B))* = L 2 (d B), namely 
that there exists p £ A 2 (<9B) such that 


Kf) ~ T <p(f) ~ (/, <P)l 2 (<9B) 

for any / £ L 2 (<9B). Thanks to the quaternionic Hahn-Banach Theorem 13. Al and Proposition [331 we get 
that we can uniquely extend A to L^(<9B), i.e. that A (g) = T v (g) = (g , p)L 2 a (8M) f° r any 9 £ Lg(9B). 
To conclude, we arc left to show that p € L°°(d B). We will proceed by contradiction. Suppose that for 
any N > 0 there exists a measurable subset Ay C <9B such that A (Ay) = £y > 0 and \p(q)\ > N for 
any q £ Ay. Then, for any N > 0 consider the function pn := xe n 9> M _1 - Now |(/?y| = \xe n \ = 
Xe n , so tpN € L°°(d B) C A 2 (<9B) = (A 2 (<9B))* since L 2 (dM) is a quaternionic Hilbert space. Hence, 
on the one hand, using Cauchy-Schwarz inequality we can write 


|( < P)¥W)l 2 (,9B)| < IMU 2 (<9B) • IIVAv|Il 2 (cW) — IMIl 2 (,9B) / \<PN\ 2 dY, 

JdM 

= 11V 7 11 z> 2 (am) / XE N dT, = |MlL 2 (<9B) £ tv- 
Jd B 

On the other hand 

|(a, AJv)l 2 (9B)| = / = / |<pMS>AT £ y. 

J 5IB J En 

Combining inequalities © and ([7]) we get that 


( 6 ) 


(V) 


IMIl 2 (cW) > N - 

Since p is bounded in L 2 norm and N is arbitrarily large, we get a contradiction, thus proving that 

p £ L°°(dM). 

□ 


Another property that we will need in the sequel is the following. 

Proposition 3.6. A function p belongs to Lf(OM) if and only if its regular conjugate p c does. Moreover 
the two norms coincide, |M|zy°(,9B) = II A c ||l, 00 (aB)- 

The proof exploits the fact that we are considering slice functions admitting a power series expansion, 
and follows the same lines than the proof in the slice regular case, see Proposition 5 and Corollary 1 in 

m. 

We can now give the notion of slice BMO space, i.e. the space of slice functions / : DM —y H with 
bounded mean oscillation. 

Definition 3.7. Let f £ Lj(dB) and, for any interval a = (cr,/3) of R such that |a| := |/3 — a| < 2ir, 
denote by fj )(1 the average value of f on the arc (e aI , e^ 1 ) C <9By 

fi,a = A f He ei )dd. 

H Ja 
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We say that f £ BMO(dMi) if 

WfWBMOidB!) ■= sup Irr [\f( e<>1 ) - fi,a\de\ < +oo. 

aCM, |a|<27r l 1^1 Ja J 

We say that f E BMO(d B) if 

ll/llsMO(9B) := SU P II/IIbMO(SB/) < +°°- 
ies 

The space of slice regular functions on B with bounded mean oscillation has been introduced in 
Ii6l and there it is denoted by BMOA(M). In this paper, since in fact BMOA(R) coincides with the 
intersection of BMO(dM) with the space H 1 (B), viewed as a subspace of L\{dM), we will denote it as 
BMOA(dM). 

Taking into account the Representation Formula © it is possible to show the following result. 

Proposition 3.8. Let f £ Lg(dE). Then f £ BMO(dM) if and only if f £ BMO(dMj) for every 

I £ S. 

See @1 for a proof in the case of slice regular functions. 

As in the complex case (see, e.g., l fT~2l ) we have a characterization of slice BMO functions in terms 
of slice L°° functions. 

Proposition 3.9. A slice L 1 function f belongs to BMO(d B) if and only if there exist ip, ip £ LfUM) 
such that f admits the representation 

f = ip + P+V’. (8) 

Proof Consider the splitting of / on the slice Lf with respect to ./ £ §, J orthogonal to /, / = F + GJ 
for some functions F, G : (Mj —y Lj. For any real interval a = (a, f5), with |a| < 2n, denote by F a and 
G a the average values of F and G on the arc (e Tn . e I:i ). Thanks to the orthogonality of I and J we have 
that 

ll/ll BMO(dM I )= sup [ (\F(e ei )-F a \ 2 + \G(e 9I )-G a \ 2 ) 1/2 dd). 

aCl, \a\<2ir l ml Ja ' ' J 


Since the quantity on the right side is greater or equal than both ||-F||sAfo(SB/) ar| d W^Wbmoum,)^ an d is 
smaller than the sum ||i 7 ’||sMO(9B / ) + \\G\\bmO{9\ B/)> we have that / belogns to BMO{dE>i) (and hence 
to BMO(dE)) if and only if both F and G belong to the complex BMO space on the unit circle <9B/. A 
consequence of the classical Fefferman Theorem (the results are in fact equivalent, see fl2l l yields that 
this is equivalent to the fact that F and G admit a representation of the form 

F = ipi + P+Vh, G = ip2 + P+^2 

where P^ denotes the orthogonal projection from the complex space L 2 (dMj, Lj) to the complex Hardy 
space H 2 (dMj) and <p \, ip 2 , Vh, ^2 € Li). Therefore / € BMO(dMj) if and only if 

fl = F + GJ = ipi + P^l + (ip 2 + P+V’2)'^ = Tl F P2 J + P+C^l + '02'^) 

where, thanks to the orthogonality of I and J, ipi := P1 + P2J and fj := f 1 + if2 J belong to L°°(dEj). 
Extending the functions ipj and fj by means of formula ©, i.e. defining tp(x + yJ ) = ext (ipi)(x + yJ) 
and f(x + yJ) = ext (fi)(x + yJ), leads us to conclude: slice functions belongs to L°°(d B) if and only 
if they belong to L°°(dMj ) on one and hence on each slice dMj (see Proposition 13. II) . □ 
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4 Hankel operators 


Given any quaternion valued sequence a : N -> 1 we can define the Hankel operator T Q , acting on H 
valued sequences v = (vj )J^ as 

OO 

( r a«)(j) = + k)v(k), 

k= 0 

i.e. by matrix multiplication by the infinite matrix M a = [a(j + with constant antidiagonals. As 

we said in the introduction, Nehari’s problem concerns the characterization of bounded Hankel operators. 
Let us begin by a reformulation of Nehari Theorem in the quaternionic setting, involving slice L°° 
functions (compare with Theorem 1.1 in If6ll. 

Theorem 4.1. Let a = { o n } ne pj C HI be a quaternion valued sequence. Then the operator T a is 
bounded on £ 2 (N, H) if and only if there exists ip £ L^°(<9 B) such that ippm) = a m for any m > 0. In 
this case 

inf{ Ill’llL°°(SB) : ^ e L?(dM), = «.», m> 0} < ||r a || s( ^ (N)H)) 

< 2inf{||^|| L cx»(aB) : ip G f(m) = a m , m > 0}. 

Proof Let p be the generating function of the sequence a, p(q) = zLneri q n ®n- Theorem 11.31 (proved 
in |j6l) states that T f> is bounded if and only if p belongs to the space BMOAiJJW) of slice regular 
BMO functions. Recalling Proposition [8j we get that p is in BMOA(d B) if and only if there exists 
ip £ Lf"(()B) such that P + ip = p, namely such that ip(m) = a rn for any m > 0, thus proving the first 
part of the statement. 

Suppose now that the operator T Q is bounded. To estimate its norm, consider the bilinear operator 
G a associated with T 0 , defined on the dense subset of couples of finitely supported sequences (a = 

{a n }neN,b = {b n } ne N ) in£ 2 (N,HI) x £ 2 (N,M) by 

(^tq((Z,6) . (j?) ^ ^ T+kO'kbri' 

n> 0fc>0 

It is not difficult to see that G a is bounded if and only if T (> does, and 

\G a (c,d)\ 

SU P Yl\ -iTTii- — |l i Q|lB(£ 2 (N,H))- 

c,dG£ 2 (N,H),c,d^0 11 c IP 2 (N,H) ' ll«lb 2 (N,H) 

Let f(q) := d(q) = J2 n >o 9 n<1 n and 9{q) : = Hq) = En>o On be polynomials in H 2 (dM). Then 


_ _ 3 

G a (a, b ) = y ' "y ^ UjCLj— n b n = ^ ] otj y ^ aj- n b n = (/ ★ g, p)rf(OM) ■ 

j">0 j >0 72—0 


( 10 ) 


Moreover, the previous equality holds true for any ip £ LfUM) such that P + ip = p. Thus, for such a 
ip, we can write 


|G a (o,6)|= (/*0>L 2 (a b) = 

r 

[ ip{q)(f *g)(q)dT,{q) 
JdM 

< \\fp\\L°°(dB) J s da W J 

1 \f(e R )\\g(e Jt )\dt 

0 


r r2i r _ 

< / da(I) / iP(e R ) \f*g(e R )\dt 
J o 
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where J = (f(e It ))~ 1 If(e It ) is determined in view of Proposition 12. 1 1 (the fact that / G H 2 (dM) 
guarantees that if / ^ 0, then it is non vanishing almost everywhere at the boundary, see ifTTl l. Using 
Representation Formula ©, we have 

l9(e J ‘)l < W H )\ + l9(e-")l, 

so that 

/ r r2i r r p2tv \ 

\G a (a,b)\ < (dB) yj s da W J Q !i/( e7t )| \9(e n )\dt + J^i 1 ) J ^ |/(e 7t )| \ 9 {e~ n )\dtj . 

By Cauchy-Schwarz inequality we get then 

\G a (a,b)\ < 2||^||l°°(9b) • ||/||z,f(ao) • Iblk 2 ^®) (H) 

where we used the fact that if g(q) = g(q ) then ||<?||l1(c®) = 11 11 (S®) for an Y 9 € iT 2 (<9B). By density 

of finitely supported sequences in £ 2 (N, H), we obtain 

ll r a|lt3(£ 2 (N,H)) = 11 G a 11 S(t! 2 (N,H) x^ 2 (N,H)) < 2 IIV’I|l°°(0B) • 

The fact that U is an arbitrary element of L“(cflB) such that IP_U = tp yields that 

ll r allt?(r 2 (N,H)) < 2inf{||V’|| L o°(aB) : € Lf(dM), $(m) =a m , m > 0}. 

On the other hand, since tp(q) = ^T\ n>(J q n a n belongs to BMOA{(M), which, as stated by Theorem 
5.6 in 0, is the dual space of H 1 (d B), we have that the linear operator A„ : H 1 (OB) —>• H given by 

A ah := (h,(p) L 2(Q B) = ^2a n h(n), 
n>0 

is well defined for any h(q) = ^ n>0 Q n h(n) G H 1 ( c®). As proven in |6l, we can identify H l (d B) 
with H 2 (d B) * H 2 (d B) + H 2 (d B) * H 2 (d B), where the norm is defined as 

11 h 11 h 2 {8B)*H 2 (9B )+H 2 (8B)*H 2 (<9B) 

= inf { ^2 Wft\\H 2 (dB) ■ \\9t\\H 2 (dM) '■ h = E ft*gt,ft,gteH 2 (dM)}. 

t= 1,2 t= 1,2 

Hence if h G iF 1 (9B) decomposes as h = f\ * g 1 + f 2 * g 2 , with f t (q ) = En>o Q n ( a t)n, 9t(q) = 
Y ^ n >o 9 n {b t )n G H 2 (d B), for t = 1,2, we can write 

n n 

h-a (b) — ^ ' Ol n ' (fll )k(b\ )n—k T ^ ^ Cfii ^ ' (®2)fc (b'2)n—k — G a (o-l , b\ ) + G a (o 2, b2 ) • 

n> 0 fc=0 n>0 fc=0 

If T (1 (and hence G a ) is bounded, then 

|A Q (/i)| < ||G r allt?(£ 2 (N,H)xr 2 (N,H)) (ll a l llr 2 (N,H) ' 11M U (N,H) + ll a 2 llr 2 (N,H) ' II &2 llr 2 (N,H)) 

= l|G , a|lt?^ 2 (N,H)x^ 2 (N,H)) (ll/l llif 2 (<9B) ‘ Wdl\\ h 2 (8B) + II /2 IIh 2 ( 0 B) ' 11^2 ||j/ 2 (SB)) • 
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Since the decomposition h = fi ★ g\ + fi * g2 is arbitrary, taking the infimum on all possible decompo¬ 
sitions of h in H 2 (d B) * H 2 (d B) + H 2 (dM) * H 2 (d B), we get 

I Aa (h) | < || G a || B (p. (PJ,H) xe 2 (N,H)) WHh 2 ( dM)*H 2 (9B)+/t 2 (9B)*H 2 (9B) 


and hence that 

\\A-a\\l3(H 2 (dB)-kH 2 (dB)+H 2 (dB)-kH 2 (dB)) < l|r'a||B(^(N,H))- 0 2 ) 

Since Tf 2 (OB) * H 2 (d B) + f7 2 (0B) * H 2 (d B) = if 1 (OB) is a linear subspace of L^(<9B), by the 
quaternionic Hahn-Banach Theorem 13.41 we can extend A a to a bounded linear operator A on 
with same norm. Recalling Theorem 13.51 we get then that there exists ip £ Lf > (dM) such that A(/) = 
(/, V’)l 2 (9b) f° r an y / € L 1 (0B) and such that 

\\A-a\\B(H 2 (dB)*H 2 (dM)+H 2 (dB)*H 2 (dM)) = ll^-II8(^(9!)) = IIV’I|l°°(9B) • 

Moreover, since A| h 2 (b)+h 2 (b) H 2 {P) = we § et that F + ip = tp and hence we conclude 

inf{||^|| L oo( 0B ) : ^ e Lf(dM), $(m) =a m ,m> 0} < ||r Q || B( ^ (N)]HI)) . 


□ 

Hankel operators admit also a realization as operators from the Hardy space H 2 (d B) to its orthogonal 
complement ff 2 (<9B). Let tp £ L 2 (d B) have power series expansion ip(q) = Ylnez Q n T( n )- On the 
dense subset of polynomials in H 2 (d B), we can define the operator associated with p 

H v : H 2 {d B) ->• H 2 (OB) 


as 

H v f = F-(<p*f). (13) 

If we do explicit computations we get 

H v f = P-( ^( n “ fc )/(*0) = 9™ ~ k )f( k )- ( 14 ) 

nEZ fcEZ n<0 k> 0 

Hence the matrix associated with H ~ with respect to the basis {q" } n >o of H 2 (d B) and \q" }„>o of 
fT 2 (OB), is the Hankel matrix (tp(n — k)) n< o,k>o- 

With this in mind, the characterization of bounded Hankel operators, acting on H 2 (d B), can be given 
in the following way. 

Theorem 4.2. Let <p(q) = XmeZ Q n &( n ) £ A 2 (OB). The following conditions are equivalent: 

(1) is bounded on H 2 (d B); 

(2) there exists ip £ L£°(0B) such that ip(m) = (p{m)for any m < 0; 

(3) P_</? £ BMO{d B). 
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If one of these conditions holds, then 


inf{IMlL°°(aB) : e = <p(m ), m < 0} < \\H v \\ B( ^ H 2 {m)) 

< 2inf{||V’||z / °o(, 9 B) : V’ € T£°(c®), ip(m) = tp{m ), m < 0}. 

Proof. Consider the sequence p> := {p[—n) } n >o G ( 2 (N, H). Equation ( IT~4l > implies that H ~ is bounded 
on H 2 {d B) if and only if the operator Fp is bounded on £ 2 (N, H). The equivalence of statements (1) and 
(2) is therefore a consequence of Theorem 14. 11 Ey is bounded if and only if there exists ip G LfUM) 
such that ip(m) = f(—rn) for any m > 0 which, considering ip(q), is equivalent to condition (2). 

The equivalence of (2) and (3) can be proven as follows. First, Proposition 13.91 states that (3) is 
equivalent to the existence of a function ip G L“(3B) such that P _ip = B_tp. Then, since ip G L^°(0B) 
if and only if ip c G Lf'(fM) (see Proposition 13.61) and the projection operator P_ commutes with the 
regular conjugation, we conclude that P -(ip c ) = P_(y? c ), i.e. that ip c is the function that realizes 
condition (2). 

Inequalities (fT5l) are a direct application of inequalities Q to the operator Tg. □ 

Equivalence of conditions (1) and (2) in particular says that p in L 2 (d B) is such that H f is bounded 
if and only if there exists ip G L£°(0B) such that H v = //,/,. In fact equation (fl4l) implies that II p 
depends only on the negative coefficients of p. Thus the class of bounded Hankel operators on H 2 (d B) 
is covered by operators of the form H v with a bounded symbol p G Lf(dB). We can finally prove the 
announced result relating the norm of a Hankel operator with the L°°-distance of its symbol from the 
space of bounded slice regular functions. 

Theorem 4.3. Let p G L^(OB). Then 


I H u 


= mf{||^-/|| L o 


: / G H°°(d B)}. 


(16) 


Proof Let ip G If 


be such that P -ip = P_</x Then H v = Hp and 


\ H <p\\B{H 2 (dM)) — \\Hp\\B(H 2 (dM)) 


/eH 2 (9B),/^0 II/IIl 2 (9B) 


Since is bounded, we can express it as a projection (extending definition (fl3l) to the whole If 2 (OB)), 
thus obtaining 


\\Hp{f)\\L 2 (dm) — IIP-CV’*/)IIl2(9B) < I|V’*/IIl 2(9B) - ll(V'*/) C ||L2(aB) ( 17 ) 

= \\f C * i> C \\L 2 {dM) < Wf C \\L 2 (dM)\\' l l jC \\L°°(dB), 

where we used Proposition 12.21 and where the last inequality follows from the integral form © of the 
slice L 2 norm and from Proposition 12.11 if / G H 2 (d B) and f f 0, then f c G H 2 (iM) and it is almost 
everywhere non-vanishing on OB so we can write 

\\f c *r\\L 2 m= [ \f c (s It )\\ip c (f c (e It )~ 1 e It f c (e It ))\dT,(e It ) < f |/V*)I^(^)IIY’1l~(c®)- 

J OIB J c® 
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Recalling that for any / € H 2 (dM)cL 2 (dM), ll/ll Li(dB) = ll/ c llil(9B) an d that, thanks to Proposition 
EH for any ^ € Lf(dM), ||V’||l°°(@b) = ||V’ c ||l°° 09B), we get 

\\ H Af)\\L*{8B) ^ II/IIl2(SB)IIV ; I|l°°(9B), (18) 


and hence that 


\\H v \\l3(H 2 (dM)) < ||V’IIl°°(9B)- 

Since f was an arbitrary element of Lf^(dM) such that P_t/> = P_<y9, we obtain that 

\\ H vh(H 2 (dM)) < inf{||V’IU°°( 0 B) : G Lf{dB), $(m) = p{m),m < 0} 

and hence, recalling the first inequality in (fT5l) . that 

\\ h Ab(hH8B)) = inf {|[V’IU°°(5B) : V> G Lf (<9B), $(m) = p(m),m < 0} 

which is a reformulation of equality (1T61) : on the one hand p — f £ L£°(effi) and IP {p — f) - 
any / £ H°°(i 9B); on the other hand p — if; £ H°°(d B) for any -0 6 Lf } (d B) such that P_?/> 


P_99 for 
= P_y>. 

□ 


To prove that the infimum in equation (fl6l) is attained for any tp £ L“( 9B) we need the following 
version of Montel Theorem for slice regular functions. 

Theorem 4.4. Let {/'„} /;<? a uniformly bounded family of slice regular functions on B. Then {f n } has a 
subsequence convergent uniformly on compact sets to a slice regular function. 

Proof Let I £ § be any imaginary unit and let J £ S, J orthogonal to I. For any n, consider the 
restriction // n of f n to Bj. Thanks to the Splitting Lemma (see |[T3l l. for any n, there exist two holo- 
morphic functions F\ n , Gp n such that fp n = Fp n + Gp n J. Since for any n \fi, n \ 2 = \Fp n \ 2 + \Gp n \ 2 
we get that both Fj >n and Gp n arc uniformly bounded. Thanks to the classical Montel Theorem, up to 
subsequences both Fp n and Gp n converge uniformly on compact sets to holomorphic functions F and 
G respectively. Flence, up to subsequences, fr, n converges uniformly on compact sets to // := F + GJ. 
Extending fj by means of the representation formula © we get that, up to subsequences, f n converges 
uniformly on compact sets to / := ext(//). The uniform convergence guarantees that / is slice regu¬ 
lar. □ 

Now we can show that the infimum in equation (fl6l) is in fact a minimum. 

Proposition 4.5. Let p £ fjf(OE). Then there exists g € H°°(d B) realizing the distance of p from the 
space of bounded slice regular functions, that is such that 


\\H<p\\B(H 2 (dB)) = \\V ~ 5lU°°(9B)- 

Such a g is called an L°°-best approximation of p by a slice regular function. 

Proof Let mn = inf{11— /||l°°(9B) : / G H°°(dB)}. Since the zero function is a competitor, we get 
that m < ||<fI|l oo (9B)- If rn = W'-pWr^yimp then the zero function is the desired best approximation slice 
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regular function. Otherwise, let {f n } be a minimizing sequence, i.e. a sequence of functions in B) 

such that lim^^oo || ip — f n \\L°°(dB) = 171 ■ Then, for n sufficiently large, we have 

II /n || L°° (9B) ~ 11 ^ 11 L°° (9B) < \W ~ /ra||z,°°(0B) < IMU°°(3B) 

that implies 

ll/n||z,°°( 0 B) < 2 I|¥’IIl°°(9B)) 

i.e. that {/ n } is uniformly bounded. Theorem 14.41 lead us to conclude. □ 

A natural question is then investigate the uniqueness of such a function. As in the complex case (see 
ED) we can prove the following. 

Theorem 4.6. Let ip £ L“(<9B) be such that /A attains its norm on the unit ball of H 2 (dM), that is 
such that \\Hip\\j3(H 2 (dB)) = f or some g £ H 2 (d B) with ||g||z, 2 (g B ) = 1. Then there exists 

a unique f £ such that 

\W - /IIl°°( 9B) = dist L cx>(^,fT 00 (a]B)). 

Proof. Suppose without loss of generality that \\H<p\\i 3 (H 2 (dB)) = 1, and let f £ H°°(dM) be such that 

\W - /I|l°°( 9B) = l|Tf(^||e(H 2 (aB)) = 1- 

Then, since g realizes the norm of // ,, and H p = ILp-j (since P_y? = P_(</? — /)), proceeding as we 
have done in the proof of Theorem l4.3l to obtain (fI71) and (flSl) . we get 

1 = \\H v \\i3(H 2 (dB)) = \\Hip-f\\B(H 2 (dM)) = \\H<p-fg\\mdB) = “ /) *5')IIl2(9B) 

< IKt 3 “ /) *5||l2(9B) < 11511^(98)11^ - /IIl°°(9B) = I|5||l2(9B) = T 

Therefore all inequalities are equalities, and in particular 

- /) *5)llz,2(0B) = ||(¥> - /) *5 ||l2(9b) 
which means that (<p — f) * g £ H- (effi) and that 

H^g = H ip _ f g = (<p- f)*g. 

Recalling that the symmetrization of a function in H 2 (dM) belongs to H 1 (7)IB) and that functions in 
H 1 (d B) are nonvanishing almost everywhere at the boundary (see ifTTIl ). we can consider the regular 
reciprocal of g, g~* = {g s )~ 1 g c , and obtain / as 

f = <P~ H v g * g ~* 

where H^g * g~* does not depend on g (if g £ H 2 (d B) is such that \\H^\\B{H' 2 {an,)) = II-^ 5 |Il 2 (, 9 b) 
with || <? || z ,2 ( 0 B ) = 1 , then, using the same arguments used for the function g, we get that H v g -k g~* = 
H p g -k g~* = ip — /). Therefore we get that / is uniquely determined by ip. 

□ 
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We conclude this paper with a characterization of Hankcl operators involving shift operators, that 
reflects the one holding in the complex case, see fl8l . 

Let S : L 2 {(M) —> L 2 (d\ B) denote the bilateral shift operator, 

(■ Sf)(q ) = q*f{q) = qf{q) for any / € L 2 8 (dB), 

whose adjoint is (S*f)(q) = q * f{q), and let T : H 2 (dM) —> H 2 (dM) denote the right shift operator, 

(Tf)(q) =q*f{q) = qf(q) for any / € H 2 (d B) 

whose adjoint is the left (or backward) shift operator introduced in f3j, (T* f)(q) = q ~ 1 (f(q) — /(0)). 
Notice that the operators P_ and S do commute. 

Theorem 4.7. Let R : H 2 ( DM) —> H 2 _(f)M) be a bounded operator. Then R is a Hankel operator if and 
only if 

P SR = RT. (19) 

Proof Suppose first that It is a Hankel operator, R = H v with p G LffM). Then, for any / G 
H 2 {d B), 


P -SRf(q) = P -SH^f(q) = P_5P_^ * f(q ) = P f(q) 

= P f(q) = H v Sf(q) = H v Tf{q) = RTf(q). 

Let now R be an operator satisfying equation (fl9l) . To complete the proof we need to show that the 
matrix associated with R with respect to the bases { q" } n >o of H 2 (dM) and {/]" } n >o of if 2 (dM) is a 
Hankel matrix. For any j > 1, k > 1, 


Rq J ,q k ) 


= (RTqi~\q k ) 

L 2 s(d B) \ / LI (5B) 


= (P ~SRq j -\q k ^ 


Ll(d B) 


= (SRq 2 -\q k 


= (Rq j ~ 1 ,S*q k \ 


/ Li(fflB) 


= (Rq J ~ ,q' 


-i =fc+i\ 


/ 


which is the condition for R to be a Hankel operator. 


□ 
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